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Abstract. We give a complete description of the finite-rank truncated Toeplitz 
operators. 



1. Introduction 

Truncated Toeplitz operators are compressions of multiplication operators on L'^ 
to model subspaces Kq — H^Q9H^ of the Hardy class H^, where 6 is an inner func- 
tion. In 1 D.Sarason gave a characterization of all truncated Toeplitz operators of 
rank one. Moreover, he constructed a class of finite-rank truncated Toeplitz opera- 
tors and asked whether this class exhausts all truncated Toeplitz operators having 
finite rank. Our main result, Theorem [l] answers this question in the affirmative. 

1.1. Definitions. As usual, we identify the Hardy class in the unit disk D 
with the subspace of the space on the unit circle T via non-tangential boundary 
values. A function 9 E is called inner if \9{z)\ = 1 almost everywhere with 
respect to the Lebesgue measure on T. Denote by Pg the orthogonal projection 
from onto Kq. The truncated Toeplitz operator A^p with symbol (/? G is the 
mapping 

(1) Ap : f ^ Peiipf), feKgnL°-. 

We deal only with bounded truncated Toeplitz operators. For A G D define 



(2) = '-m. h ^ 

1 - Az z - \ 

The function k\ is the reproducing kernel of the space Kg at the point A; kx is the 
conjugate kernel at A (see Section [2] for details). For an integer n ^ 0, denote by 
f2„ = r2(0, n) the set of all points A G T such that every function from Kg and its 
derivatives up to order n have non-tangential limits at A. A description of i7„ is 
given by P.R.Ahern and D.N. Clark in [2], we discuss it in Section[2] In particular, 
for A G T, we have A G fio if f-nd only if kx,kx G Kg. 

The only compact Toeplitz operator on the Hardy space is the zero opera- 
tor [3]. The situation is different for Toeplitz operators on Kg. It was proved in [1] 
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that the general rank-one truncated ToepUtz operator on Kg is a scalar multiple of 

(3) kxi^kx or kx(E>kx, 

for some A G D U 57oj where we use the standard notation for rank-one operators 
in the Hilbert space: x ® y : h ^-^ [h, y)x. Some finite-rank truncated Toeplitz 
operators can be obtained from the rank-one operators ^ by differentiation. Con- 
sider the analytic mapping ^ : X t-^ k\ (g) k\ from the unit disk D into the space 
of all bounded operators on Ke- Take an integer n ^ 1. Denote by D"[fcA ^ kx] 
the value (A) of the n-th derivative of $ at the point A G ID. For X & fin let 
D"[fcA k\] denote the rt-th angular derivative of $ at A. Existence of this de- 
rivative follows from results of P.R.Ahern and D.N.Clark and from representation 
PT|) of D^[k\ (g) k\] in terms of derivatives of reproducing kernels; see Section [221 
for details. Since the set of all truncated Toeplitz operators is linear space closed 
in the weak operator topology 1 , the derivative D"[fc>, (g) kx] determines truncated 
Toeplitz operator of rank n for every A G B U f2„. Parallel arguments work for the 
adjoint operator D"[A:a (8) k\]: it is the derivative of k\ of order n with respect 
to A. Operators of the form 

(4) D"[fcA®^A], T)"[h<S)kx], 71 >0, AGDUf^„, 

were originally constructed in [T] as examples of finite-rank truncated Toeplitz 
operators that are not linear combinations of the rank-one operators ([3]). 

1.2. The main result. 

Theorem 1. The general finite-rank truncated Toeplitz operator on Kg is a finite 
linear combination of the operators in (jlj . 

The key step in proving of Theorem [T] is the identification of range of a general 
finite-rank truncated Toeplitz operator. Set 

^.^ . fRanD"[fcA<»fcA], ifAGDur!„; 
(A, n) — < 

^ ^ |RanD"[fcA- ® A:a.], if A G ©e, 

where De = {z : \z\ > 1} U {oo}, A* = 1/A and oo* = 0. It will be shown in 
Section [^751 that a subspace F C Kg is range of an operator in (U) if and only if we 
have F — F{X, n) for some n ^ and A G B U 17„ U Be. Theorem[T] will be proved 
as soon as we establish the following three results. 

Lemma 1.1. Suppose A is a finite-rank truncated Toeplitz operator on Kg. Then 
there exists a finite collection of points Afc G B U fln^ U Be such that 

(5) RanA = F(Ai,ni) + ...+i^(A,,n,). 

Lemma 1.2. Suppose A is a truncated Toeplitz operator on Kg with range of 
the form Then A is a sum of s truncated Toeplitz operators A^. such that 

RanAfc = F{Xk,nk). 

Lemma 1.3. Suppose A is a truncated Toeplitz operator on Kg with the range 
Ranyl = F{X, n), where A G B U r2„ U Be. Then A is a finite linear combination of 
the operators in (|4]). 

In Section [5] we collect some standard results about the space Kg. Section [3] 
concerns a description of range of a general bounded truncated Toeplitz operator. 
Lemmas II. 1[ 11.21 11.31 will be proved in Section H) 
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1.3. A duality approach. The rank-one truncated Toeplitz operators can be re- 
garded as a point evaluation in a special Banach space of analytic functions. Given 
an inner function 0, define the space Xa by 

oo oo 

Xa = ^^Xkyk- Xk.Uk&Ke and ll^^fc || ■ |bfc|| < ooj- 



This space was introduced in [3] , where the fact that Xa is the predual of the space 
of all bounded truncated Toeplitz operators established. The pairing is given by 

(6) {A,Y,Xkyk) ^Y.^Axk,yk)- 

It was shown in |T, that {k\ ® k\,xy) — {xy){X), where y — z9y g Kg. This yields 
the nice formula 

(D"[fcA'8)fcA],^Xfeyfe) = (^Xfey^y \\). 

A similar relation holds for the operators D"[A;a ® kx]. In the sense of the pairing 
^ the operator k\ ® k\ is the point evaluation at A* = 1/ A of functions from Xa up 
to the scalar (A*/6'(A*))^, and D"[fcA ® kx] is its derivative with respect to A. Since 
I A* I ^ 1, the point evaluation should be understood in terms of pseudocontinuations 
of functions from Kg to the exterior of the unit disk (see Lecture II in [5]). 

1.4. Notations. 

is the set of nonnegative integers; 
Te is the linear space of all bounded truncated Toeplitz operators on Kg; 
Ker A is kernel of a bounded operator A; 
Ran A is range of a bounded operator A; 
Ran A is the closure of Ran A; 
(/i • ■ • In) = span{/j, j = 1 . . . n}; 

is the orthogonal complement to a subspace iJ; 
Hi + H2 is the linear span of the union Hi U H2] 
Hi + H2 is the direct sum of two subspaces iJi, H2. 



2. Preliminaries 

This section contains the preliminary information concerning spaces Kg and trun- 
cated Toeplitz operators: reproducing kernels, Clark unitary perturbations, Sara- 
son's characterization of truncated Toeplitz operators. A more detailed discussion 
is available in [1], [5], [6]. 

2.1. The conjugation. The space Kg is closed under the conjugation 
(7) C : a; H> zOx. 

Truncated Toeplitz operators are complex symmetric with respect to C, which 
means CA = A*C, see [1]. Hence the ranges of A and A* are mutually conjugate 
for every operator A G 7e: Ran A* = CRanA. For more information on this 
property of truncated Toeplitz operators see [2] , [8] . 
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2.2. Reproducing kernels and their derivatives. For A 6 D, set 



(8) ^ h ^ 

1 — Az z — A 

Note that k\ = Ck\, where the conjugation C is defined by ([7]). The function 
kx (respectively, kx) is the reproducing kernel (respectively, conjugate reproducing 
kernel) of the space at the point A: 



(9) (/,fcA) = /(A), (/,fcA) = (C/)(A). 

Differentiating we obtain 



(10) (/,a"fcA) = /("^(A), (/,9"fcA) = (C/)(")(A). 

In what follows the symbols 9"/ca and d"kx denote the n-th derivatives of kx,kx 
with respect to A, A, respectively. For example, in the case n = 1 we have 

Bkx = lim ^4 — dkx — lim — ^ —. 

^J,-^\ X — fi /j-i-A A ~ fi 

Let 6 = BaSa be an inner function with the set of zeroes A = (afc)^i; repeated 
according to multiplicity, and the singular part Si, that corresponds to a singular 
measure v on the unit circle T. Take a point A G T and an integer n G The 
following result is in [2|, see also [9 . 

Theorem 2 (P.R.Ahern and D.N.Clark). The following are equivalent: 

(a) functions f , /',... have non-tangential limits at A for every f G Kg; 

(b) f/ie non-tangential limits d^kx — lim^^A^^fcp i'^'^ d^k\ — lini^i^A^^fcp 
exist m norm of Kg for every j — . . . n; 

(c) | i-Ai°|I+. < oo and ^^_^^l^2i+2 < oo. 

Denote by il„ = ^{0, n) the set of all points A G T that satisfy the conditions of 
Theorem O For A G D we have 



n\-e{z) 



(z-A) 



n+l 



(11) 

= D"[fcA fcA] = 5] Ct (d'^kx ® d^'-'^kx) , ^{z) 

k=0 

by using the Leibniz formula for derivatives of a bilinear expression. It follows from 
Theorem [5] that formulas (|5))- (ITTT) hold in the sense of non-tangential boundary 
values for every A G fin. Thus, the operators in are exactly the operators 
in (dll) for n G Z+ and A G B U f^„. 

2.3. The restricted shift. Consider the operator 5*9 : / H> Pe{zf ). We have 
Sekx = {kx - ko)/X; Sekx ^ Xkx - 0{X)ko; 
Sgko = dko; Sgk^ = -9{0)ko, 

where A 7^ is a point from D U Hq. In particular, if 9{Q) ~ then ko G KerS'e. 
Actually, we have Kei Sg = (fco) in that case. 

Proposition 2.1. We have S'g'ko = i^d'^ko and SJ^dk^ = n9"-ifco + 6l(")(0)fco for 
every integer n ^ 1. 
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Proof. Take a function f e Ke and consider (/,5^fco) = ((5g*)"/, fco). The 
space Ke is invariant under the backward shift operator S* : f ^ {f — f {{)))/ z, 
see [g. Hence S*\Kg = S; and ((5^)"/,fco) = ;n/^"HO)- ^ fohows from ^ that 
/(")(0) = (/, 5"fco), and therefore (/, S^ko) = ^(/, ^"fco). Since this equahty holds 
for every function / e Ke, we obtain Sgko = ;^9"fco- Differentiating the identity 
Sekx — Xk\ — 9{X)ko with respect to A at the point A = 0, we get the formula 
S}}d~ko ^ na"-ifco + 6i(") (O)fco. □ 

Consider the subspaces -F'(A, n) defined in Section FOl It fohows from formula pT|) 
that 



(13) F{X,n) 



span{5^fcA, J =0...n}, if A £ P U 17„ 
spanjS-'fcA* , j = . . . n}, if A £ Dg- 



For each point X ^ Hq we have A* = A and k\ — X9{X)kx. Therefore, 
spanjS-'fcA, j — . ■ .n} ~ spanlfc^. , j — . . .n} 

for all A 6 fin and n G Z+. We now see from ([TT]) that range of the operator 
D"[/ca ^a] coincides with range of the operator D^[k\ (g) k\] if A G r2„. Therefore, 
a subspace F C -fCg is range of an operator in (U) if and only if we have F = F{X, n) 
for some n ^ and A £ B U f2„ U , as claimed in Section [L2l 

Proposition 2.2. We have 

SgF{X, n) C F{X, n) + (ko), if X 0; 
^^^^ SoF{0, n) C F(0, n) + (a"+ifco)- 



Proof. The first formula in ([T^ can be obtained from ([T^ by differentiation. The 
second one follows from Proposition 12. II □ 

2.4. The Prostman shift. Let 6 be an inner function. The Frostman shift of 
9 corresponding to the point 9(0) is the inner function 6 = ^p^^. We have 

0(0) = 0. Define the unitary operator J : Kg Kq by 

1-9{Q)9 

Proposition 2.3. For A £ D and n £ Z+ we have 

(15) Jspan{9^A:A, j = . . .n} — spa.n{d-'kf, j = . . . n}, 

where kf is the reproducing kernel of the space Kq at the point X. 



Proof. The formula Jkx (l - 9{0)9{X)) / {^^1 - \9{0)\^)kf follows from the 
definition of J and implies (fTSj) by differentiation; see details in Section 13 of [1]. □ 

The following fact is a particular case of Theorem 13.2 from [Tl. 

Proposition 2.4. A bounded operator A is a truncated Toeplitz operator on Kg if 
and only if the operator JAJ^^ is a truncated Toeplitz operator on Kq. 
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2.5. Clark's unitary perturbations. In [9 D.N.Clark described one-dimensional 
unitary perturbations of Se- Given a number a G T, define 

(16) Ua ^ Se + Cako (g)ko, Ca ^ "^/f/f!!i2 ' 

1 - WiW 

where kg, kg are the reproducing kernels ([5]) at the origin. The operators are 
unitary and cyclic; every one-dimensional unitary perturbation of Sg is Ua for an 
appropriate number a G T, see [9]. It is shown in j9] that the spectral measure CTq, 
of the unitary operator Ua can be chosen so that 

(17) = V-'M,Va, 

where Va ■ Kg — )> L^{aa) is the unitary operator that sends functions from a dense 
subset of Kg to their boundary values on T; is the operator of multiplication 
by z on L'^{aa)- A.G.Poltoratski [TO^ established the existence of non-tangential 
boundary values tTQ-almost everywhere for all functions from Kg. Thus, the oper- 
ator Va is the well-defined unitary embedding Kg — > L'^ijja)- For every function 
/ G Kg we have 

(18) f{z)^ I {Vafm^—^^daaiil ZGB. 
The following fact is due to D.N.Clark [9], see also [6]. 

Proposition 2.5 (D.N.Clark). We have cr„{C G T : d{Cj = a} = CTa(T) for each 
a G T. The measure a a has an atom at a point X Cz T if and only if X d Qq and 
6{X) — a. In that case we have V~^I^},j = (Ta({A}) • kx, where I^x} denotes the 
indicator of the singleton {A}. 

Proposition 2.6. // (z — A)^"^^ G L^((Tq,) for some A G T and n G Z+, then 
X G fi„ and 9{X) ^ a. 

Proof. At first, let 9{Q) = 0. In this case constants lie in the space Kg. Formula 
([TOll with / = 1 gives us 

(19) r^=/T^' 

1 - ae{z) J J 1 - 

We have 

for some constant c, as z tends non-tangentially to A. Since (1 — ^A) ^ G L^((Tq), 
we see from and that the function 9 has non-tangential limit at A and 
9{X) 7^ a. Similarly, differentiating (|19p with respect to z, one can prove that 9\ 
9",..., 9^"'^ also have non-tangential limits at A. In the case 9{0) =^ this fact 
follows from the consideration of the Frostman shift of the function 9. 

Take f e Kg and consider f'-^\ where < j < n is integer. It follows from pB)) 
that 

(21) f^'Hz) = J^iVo.fm(^^^~-y^ daaiO, ^eP. 

Since (1 - Xz)-^-'^ G L^(cra), we see from ^ and ^ that f^^'> has the non- 
tangential limit at the point A for every j = . . .n. Thus, we have A G r2„. □ 

We now describe boundary values of functions from subspaces F{X,n) in (|13p . 
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Proposition 2.7. Let a G T, rt G Z+ and /ei A G D U fin U De, where in the case 
|A| = 1 we assume that 9[\) ^ a. We have 

(22) VaF{\,n) ^s^&n{{z-\*)-^ , j = l...n + l}, A 7^ 0, A* = 1/A; 

(23) Vo,F{{), n) = span{z^ j = . . . n}. 

Proof. In the case |A| 7^ 1 formula ([2^ follows from the definition of Vq. Formula 
is a consequence of Proposition 12.11 Take a point A = A* from JIq such that 
^(A) ^ a. By Proposition 12 . 51 we have aa{{\}) = and 



1 — Az 

CTQ-almost everywhere. Since V^kx G L'^{aa), we have (z — A)^^ G i^(crct) and 
therefore holds in the case n = 0. For n — 1 and A G f^i, consider 



Tz/ii. _ -g^(A)^ , z(l-g(A)a) 

Since Vdk\ G L'^{aa) and (z - A)^^ G L^(cra), we have (z - A)^^ G L^((Tq,). Hence 
formula (|22]) holds in the case n — 1. Arguing as above, we prove (l22l) for all A G ri„ 
and n G Z^. □ 

Proposition 2.8. Suppose that an inner function 9 is not a finite Blashke product. 
Then every finite collection of the functions d''''k\^, d*'''k\^,, where Afc G D U 17s^ 
and Afc G D U fij^ , is linearly independent in Kg . 

Proof. Since 6 is not a finite Blashke product, the space Kg has infinite dimension, 
see Lecture II in [5]. Hence the space L'^{aa), \ct\ ~ 1, has infinite dimension as 
well. The result now follows from Proposition 12. 71 □ 

2.6. A characterization. In what follows we will often use the following charac- 
terization of truncated Tocplitz operators. 

Theorem 3 (D.Sarason, |Jj). A bounded operator A on Kg is a truncated Tocplitz 
operator if and only if there exist functions ij},x in Kg such that 

(24) A - SgAS*g = ip ko + ko X, 

in which case A — A^+p^ . 



Remark 2.9. Suppose 9{0) = 0; then ip = Akg — x{0)ko. 

Proof. Apply both sides of ((M)) to the vector ko = I and use the relation 5^1 = 0. 

□ 

3. The range of a bounded truncated Toeplitz operator 
In this section we prove the following result. 



Proposition 3.1. Let A G 7e, and assume that Ran^l ^ Kg. Then 



(25) SgRanA c RanA + ((9"fco), 



where n G Z+ is the maximal integer such that d-'k^ G Ran A for every ^ j < n. 
For the proof we need two lemmas. 
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Lemma 3.2. Let 6(0) = 0, AeTe- Then 



(1) SeA (ko)^ C Ranyl+ (fco); 



(2) SgRanA C Ran^ + {ko,g) for some g e Kg. 



Proof. Indeed, by Theorem [3] and Remark \T9\ we have SgAS'gh G Ran A + (fco) 
for every vector Sgh from RanS'g = (fco)^. This proves assertion (1). To prove (2), 
one can take g = SeAko. □ 



Lemma 3.3. Let 9(0) = 0. A eTd. Assume that ko ^ Ran A. Then 



SeRsLnA C Ran A + (fco)- 



Proof. Denote by Pi , P2 the orthogonal projections on Kg with the ranges Ran A* 
and (fco): respectively. Note that A = APi. For every h e Kg we have 

SeAh ^ SeAPih = SgAP2Pih + /i, 

where /i — SeAP^Pih. It follows from assertion (1) of Lemma 13.21 that /i G 
Ranyl + (fco)- Proceeding inductively, we obtain the relation 

(26) SgAh^SgA{P2Pirh + U 



for some /„ £ Ran A + (fco). Since Ran^* = CRan^ (see Section [^TT]) and fco ^ 
Ran A, we have fco ^ Ran A*, and therefore ||P2-Pi|| < 1- Passing to the limit in 
(PS)) . we see that SgAh e Ran A + (fco) and the result follows. □ 



Proof of Proposition 13. ll At first, let 9{0) = 0. In the case fco ^ Ran A, Lemma 



gives us formula (1^ with n = 0. Now suppose that fco G Ran A. Since the 
family {d^ko}^ is complete in Kg (see formula [TU|) . one can choose the maximal 
integer n ^ 1 such that 9^ fco G Ran A for every ^ j < n and 9" fco ^ Ran A. It 
follows from Proposition 12.11 and Lemma [3.21 that 

(27) a" fco = 5e9""^fco G SeRanA c RanA+ (fco,.g) =Rm^+ (g) 



for some g G Kg such that SgRanA C Ran A+ (fco, g). By the construction we have 
9" fco ^ Ran A. Comparing this with (P7)) . we get g G Ran A + (B^ko) and thus 



SgRanA C Ranyl+ (fco,g) C RanA+ (9" fco). 

Hence the Proposition is proved in the case 6{0) — 0. The general situation can be 
reduced to this case by using Propositions 12.31 and 12.41 □ 

Remark. Truncated Toeplitz operators are symmetric with respect to the conjuga- 
tion C, see Section [2T] Using this fact, one can obtain an analogue of Proposition 
13. II for Ran A with 5"^ and 9™ fco in place of Sg and 9" fco. 

Let Ua ~ Sg + c^fco <8) fco be the Clark unitary perturbation of Sg. Consider the 
embedding Va Kg ^ L^{a-a) from Section [^31 



Proposition 3.4. Let A £ %, and assume that Ran A 7^ Kg. Set F = VaRanA. 
Then zF C F + (z"), where n G Z_|- is the maximal integer such that G F for 
every ^ j < n. 



Proof. By Proposition 13.11 we have SgRanA C Ranyl.+ (9" fco), where n G Z+ 
is the maximal integer such that d^ko G Ran A for every ^ j < n. Hence 
UaRanA C Ran A + (9" fco). It remains to apply the operator Va to both sides of 
this inclusion and use Proposition 12.71 □ 
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Problem. Given a finite Borel measure v supported on the unit circle T, to describe 
all subspaces F C i^(T, v) such that zF C -F + (1). 

In the next section we treat the finite-dimensional case of this problem. 

4. Proof of Theorem [T] 

Hereinafter we assume that the space Kg has infinite dimension (equivalently, the 
inner function 9 is not a finite Blashke product). The case dim Kg < oois considered 
in [T], where the following fact is proved: every truncated Toeplitz operator on Kg^ 
dim. Kg < oo, is a finite linear combination of the rank-one operators (|3]). 

Theorem [T] follows from Lemmas II. 1[ II. 2[ 11.31 We now turn to proving this 
results. 

4.1. Proof of Lemma 11.11 The proof is based on the following proposition. 

Proposition 4.1. Let a be a finite Borel measure supported on the unit circle T. 
Suppose that F C L^{cr) is a finite- dimensional subspace satisfying zF C F -j- (1). 
// F does not contain indicators of singletons, then there exists a finite collection 
of points Afe e C such that F = Q{\i,pi) + QiX2,P2) + ... + Q{Xs,Ps), where 
Q{\k,Pk) = span{(z - Afc)"^ j = 1 . . -Pk}, fc = 1 . . .s. 

Proof. Denote by V the non-orthogonal projection on F-j- (1) with the range F and 
the kernel (1). Let be the operator of multiplication by the independent variable 
on [a) . The finite-rank operator T = VM^ : F F has complete family of root 
vectors. Consider the root subspace G\ = Ker(T — A/)^, Gx ^ Ker(T — A/)^^^. 
The Proposition will be proved as soon as we show that G\ — Q{X,p). 

Case 1. XeT, cr({A}) > 0. 

Take a vector / e Ker(r — XI) C G\. We have (z — A)/ = c for a constant c e C. 
Therefore, / is a scalar multiple of the indicator of the singleton {A}. But that 
contradicts the hypothesis. Hence this case does not arise. 

Case 2. XeC, cr({A}) = 0. 

Take a vector f £ Gx such that f^^{T- XI)p-^ f ^ 0. We have (T - XI) fx = 
by the construction. On the other hand, we have (T — A/)/i = (z — A)/i — ci for 
some constant c\ G C. Taking into account A({A}) — 0, we see that 

h r- 

z — A 

If p = 1, we stop the procedure. Otherwise put f2 = {T — XI)P~^f and consider 
(T - A/)/2 = (z - A)/2 - C2. Since (T - AJ)/2 - /i, we have 

Cl , C2 



/2 = 

e, w 

f = fp 



(z-A)2 z-A' 
Continuing this procedure, we obtain 

Cl , C2 



(z - X)P (z - A)P-i z-A 

Since ci ^ and fj E Gx for every j = I . . .p, we get (z — A)^^ G Gx and hence 
Q(X,p) C Gx- Now take an arbitrary vector / G Gx and find a number r, 1 ^ r ^ p, 
such that / G Ker(T - Xlf but fi = {T- XI)"^-^ f ^ 0. Arguing as above, we see 
that f e Q{X,r) c QiX,p) and thus Gx C Q{X,p). □ 
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Proof (Lemma II. ip . Let ^ be a finite-rank truncated Toeplitz operator on Ke. 
Since the subspace Ran A has finite dimension, it cannot contain an infinite system 
of reproducing kernels, see Proposition 12.81 Therefore, by Proposition 12.51 we can 
choose the Clark measure CTq, so that the subspace F = Va Ran A of the space 
i^(CTct) does not contain indicators of singletons. It follows from Proposition 13.41 
that zF C F + (z"), where n g Z+ is the maximal integer such that e F for 
every ^ j < n. The subspace z"F satisfies the assumptions of Proposition 14.11 
We have 

F = z"(Q(Ai,pi) + Q(A2,P2) + . . . + Q{Xs,Ps)). 

In the case n = 0, the application of Propositions 12.61 and 12.71 concludes the proof. 
Now assume that n ^ 1. Since z^ d F for every integer ^ j < n, we necessarily 
have Xkg = 0, pkg = n for some 1 ^ fcg ^ s. Renumber the sequence {Xk} so that 
Ai = 0. The subspace z"Q(0, n) is the set of polynomials of degree at most n — 1. 
A simple algebra gives us 

F = z"g(0, n) + Q{\2,P2) + • . • + Q{K,Ps)- 
Now the result follows from Propositions 12.61 and 12.71 □ 

4.2. Proof of Lemma II. 2i Before the proof we need the following general result. 

Proposition 4.2. Let n g A € Te- Suppose that RanA = Fi + F2, where Fi 
and F2 are subspaces of Kg such that 

(28) SeFi cFi + (fco); SeF2 C F2 + (a"fco), B'ko £ F, 0^j< n. 

Let also 9" fco ^ Ran A. Then A = Ai + A2, where A^ G Te and RanA^ ~ Fk, 
fc = 1,2. 

Proof. Denote by P the non-orthogonal projection on Fi + F2 + (5" fco) with the 
the range F2 + (9" fco) and the the kernel Fi. We want to show that A2 = VA G Te- 
By TheoremlHl we need to check that 

(29) A2 - SgA2S; = V ® fco + fco ® X 
for some ip,x ^ Kg. We have 

A2 - SgA2S*g = P{A - SgAS*g) + {VSg - SgV)ASl 

Since A is a truncated Toeplitz operator, it satisfies (|24l) with ipi,xi G Kg. Hence, 

r{A - SgAS*g) = (V^i) ® fco + (Vko) ®xi = [V^i) (E)ko + ko® Xi- 

Next, the operator VSg — SgV vanishes on F2 and maps Fi to (fco). Therefore, we 
have Ra.n{VSg - SgV)AS*g C (fco). This proves ([29]). Now put Ai = A - A2 and 
obtain the required representation. □ 

Proof (Lemma II. 2p . It follows from Proposition 12.21 that any splitting of the 
sum in ([5]) into two summands gives us subspaces Fi , F2 with property ()28|) . Con- 
sequently applying Proposition |421 we obtain the required. 
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4.3. Proof of Lemma 11.31 Let ^ be a truncated Toeplitz operator on Kb with 
the range Ran A = F(A,n), where A G D U ri„ U De. Truncated Toeplitz operators 
are complex symmetric with respect to the conjugation C, see Section [2.11 Hence 

Ran^ — span{c}-'A:A* , j = . . . n} in the case A G De, 
Ran^* = span{9"'A;A, j = . . . n} in the case A G D U r2„. 

Passing if necessary to the adjoint operator, we can assume that 

Ran A = spanj^-'fcp, j = . . . n} 

for some point ^ G D U ri„. Then Ran A* = spanj^-'/c^, j = . . . n). Every such 
operator has the form 

(30) ap,q{dP~k^®d''k^) 

for some coefficients ap^q G C. We claim that A — J2^=o '^o.s •D*[fc^(g)A;^]. Consider 
firstly the case /i 7^ 0. Set Tpq = d^k^ (g) d^k^^. For 1 ^ p, g ^ n we have 

Tpq - SgTpqS; = d% ® B'^kp - dP{Sek^) ® B^iSgk^) 

(31) = dPfc^ ® d^kp - dP{^xkp - 0{p)ko) ® d^{{k^ ~ ko)/fl) 

= d% ® B^kp - dp{^i~kp) ® a" {kjfi) + Zpq, 

where Zpq is an operator of the form il^pq ® k^ + k^ ® Xpq- Using the identity 
(z/)(p) = + z/(p), we get 

dP{/k^) = pdP~%+fid%, B'^k^ = B^fi{kjfi)) = qB'^~\k^/p)+fiB'^{k^/fi). 

Substituting this into (|3ip . we obtain 

(32) Tpq ~ SgTpqS; = q <E, (k^/fl)) ~ P (BP-% ® B'^{k^/P)') + Zpq. 

For the operators Too, ^oi and Tio we have 
Too ^ SeTooSg = Zqq: 

(33) Tqi- SeToiS*g ^~kf,<S){kJfl) + Zoi; 
Tio - SgTioSg = -k^ (g> (k^/p,) + ZiQ. 

Since ^ is a truncated Toeplitz operator, it satisfies ([M]) with some ^ Kg. 
Combining ^ and dSS]), we obtain 

(34) *®fco + A:o®$= {iq+'^)ap,q+i-{p+l)ap+i.q)-(BPkf,(E>B%kp/p)y 

where ^P,*!) G Kg and a„_|_i_g — ap^n+i = for all ^ p, q ^ n. It follows from 
Proposition 12.81 that 

(35) (g + l)ap,q+i - (p+ l)ap+i,g = 0, O^p, gs^?i. 
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In the above formula there is no restriction on ao,o, which agrees weh with the fact 
that fc^ fcp e 7e. For each 1 ^ s ^ n, from (|35|) we get the foUowing system: 

sao^s -~ ai,s-i = 0' 
(s - l)ai,s-i - 2a2,s-2 = 

(36) 

2as_24 - (s - l)as-i,i = 
Solving this system, we obtain 

s! 



at,s-t — ao,sC^_f, C^_t 



s; i s; s. 



t!(s-t)!' 

It follows from pSI) that na„^„ — (n + l)a„+i^„_i = and thus a„^„ = 0. By 
induction, we have Up^q = for all indexes p, q such that p + q > n. Now we get 
the required representation from formulas (jlip and ([30|): 



(37) 



71 s n 



s=0 t=0 



s=0 



In the case /i = 0, put Tpg = 9^A;o ® 9''A;o- It follows from Proposition 12. II that 



'P9 



g + 1 



Tp, - = dPko ® a^fco + , p = 0. 

Proceeding as in the case ^ 0, we obtain the system 
p+1 



q 



-ap+i,,_i = 0, O^p^n, l^q^n + 1, 



where Un+i^q = for all q and ap__i = for all p. This system has the same 
solution as the system in psp . Hence we have representation p7p in the case /i = 
as well. □ 
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